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More recently in [J. Phys. A: Math. Theor. 53, 115303 (2020)], we have intro-
duced a set of noncommutative algebra that describes the space-time at the Planck
scale. The interesting significant result we found is that, the generalized uncertainty
principle induced a maximal length of quantum gravity which has different physical
implications to the one of generalized uncertainty principle with minimal length.
The emergence of a maximal length in this theory revealed strong quantum gravita-
tional effects at this scale and predicted the detection of gravity particles with low
energies. To make an evidence these predictions, we study the dynamics of a free
particle confined in an infinite square-well potential in one dimension of this space.
Since the effects of quantum gravity is strong in this space, we show that, the energy
spectrum of this system is weakly proportional to the ordinary one of quantum me-
chanics free of the theory of gravity. The states of this particle exhibit proprieties
similar to the standard coherent states which are consequences of quantum fluctua-
tion at this scale. Then, with the spectrum of this system at hand, we analyze the
thermodynamic quantities within the canonical and microcanonical ensembles of an
ideal gas made up of N indistinguishable particles at the Planck scale. The results
show a complete consistency between both statistical descriptions. Furthermore,
a comparison with the results obtained in the context of minimal length scenarios
and black hole theories indicates that the maximal length in this theory induces
logarithmic corrections of deformed parameter which are consequences of a strong
quantum gravitational effect.
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In the past few years, the Generalized Uncertainty Principle (GUP) has emerged
as a path of finding a consistent quantum formulation of theory of gravity [2, 3, 4].
This GUP obtained by adding small quadratic corrections to the Heisenberg algebra
leads to the existence of minimal uncertainties in position or in momentum [6, 7]. All
the active candidates to the search of these minimal uncertainties such as string theory
[8], black hole theory [9], loop quantum gravity [10] and quantum geometry [11] are
mostly restricted to the case where there is a nonzero minimal uncertainty in position.
Only Doubly Special Relativity (DSR) theories [12, 13, 14, 15] suggest an addition to
the minimal length, the existence of a maximal momentum. Recently, Perivolaropoulos
proposed a consistent algebra which induces for a simultaneous measurement, a maximal
length and a minimal momentum [16]. In this approach, the maximal length of quantum
gravity is naturally arisen in cosmology due to the presence of particle horizons.
In this prophetic paper [16], Perivolaropoulos also predicted the simultaneous exis-
tence of maximal and minimal position uncertainties. More recently, without any formal
knowledge of this result, we introduced a version of position dependent noncommutative
space in two dimensional (2D) configuration spaces which, for simultaneous measure-
ment leads to minimal and maximal lengths of quantum gravity [1]. The interesting
physical consequence we found is that, the existence of maximal length in this theory
brings a lot of new features to the Hilbert space representation and agrees with the
similar perturbative approaches predicted by DSR theories [12, 14, 15]. In this paper
[1], we predicted that this concept of maximal length could induce strong graviton local-
izations and could be the approach candidate for the measurement of quantum gravity
with low energies. In the present paper to make an evidence of this prediction, we in-
vestigate in 1D, the outgoing of this GUP model with maximal length in the statistics
of the canonical and microcanonical ensembles of ideal gas at the Planck scale. Since
the quantum gravity is strongly measured at this scale, the thermodynamic quantities
induce for both descriptions logarithm corrections of the deformed parameter τ (ln τ).
This situation perfectly fits with the obtained results at the extremal limit of a black
hole geometry [17, 18, 19, 20]. Comparing these consequences with those of minimal
length measurement [21, 22, 23, 24, 25, 26], show that the effects of both measurements
are fundamentally different. In fact the minimal length formalism shifts quadratically
the thermodynamic quantities at order of the deformed parameter βGUP . Thus, at the
extremal limit (βGUP → 0), one recovers the ordinary quantities at this scale while
in this framework by tending our deformed parameter τ to zero, these thermodynamic
quantities diverge. We come out with these observations that, the minimal length for-
malism induces weak quantum gravities while ours induce strong quantum gravities at
Planck scale.
In the present paper, before analyzing the behavior of this ideal gas, which is a clas-
sical and a well known topic, we study the dynamics of a free particle confined an infinite
square well potential at the frontier of the Planck scale. We show that, the spectrum of
this system is weakly proportional to the ordinary one of quantum mechanics without
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gravity perturbations. This indicates contractions of the energy levels, allowing particle
to jump from one state to another with low energies. These deformations observed at
this scale are in perfect analogy with the theory of General Relativity (GR) where the
gravitational field becomes stronger for heavy systems that contract the space, allow-
ing light systems to fall down with low energies [27]. Since, the quantum gravitational
fluctuation becomes important at this scale, the states of this particle exhibit properties
similar to the Gaussian states of the standard quantum mechanics. In the next section,
we review in 1D, the GUP with maximal length and its deformed translation symmetry
[1]. Section 3, is devoted to the study of a non-relativistic quantum particle in an infinite
square-well potential at the Planck scale. We give the spectrum of this system by solv-
ing analytically the Schrödinger equation. In section 4, we deduce from this spectrum
a statistical description of an ideal gas in canonical and microcanonical ensembles. We
show that the canonical ensembles based on the used of the partition function and the
microcanonical ensemble based on the density of states lead to the same results. The
conclusion is given in section 5.
2 GUP with maximal length and its deformed translation
symmetry
2.1 GUP with maximal length
The quantum gravity according to Kempf et Al formalism is manifested by the
quadratic deformation of the Heisenberg algebra [2]. Recently, we proposed a new ver-
sion of position dependent deformed Heisenberg algebra in two dimensional configuration
spaces that introduces a simultaneous presence of maximal and minimal position uncer-
tainties [1]. We define this algebra as follows:
Definition 2.1: Given a set of symmetric operators X̂, Ŷ , P̂x, P̂y defined on the 2D
Hilbert space Hθτ = L2(R2) and satisfy the following commutation relations
[X̂, Ŷ ] = iθ(1− τ Ŷ + τ2Ŷ 2), [X̂, P̂x] = i~(1− τ Ŷ + τ2Ŷ 2),
[Ŷ , P̂y] = i~(1− τ Ŷ + τ2Ŷ 2), [P̂x, P̂y] = 0,
[Ŷ , P̂x] = 0, [X̂, P̂y] = i~τ(2τ Ŷ X̂ − X̂) + iθτ(2τ Ŷ P̂y − P̂y), (1)
where θ, τ ∈ R∗+ are both deformed parameters and manifest themselves as lengths de-
scribing the space at short distance.
The parameter τ is the GUP deformed parameter [3, 4, 5] related to quantum gravita-
tional effects at this scale. The parameter θ is related to the noncommutativity of the
space at this scale [6, 7, 28]. In the framework of noncommutative classical or quantum
mechanics, this parameter is proportional to the inverse of constant magnetic field such
as θ = 1/B [29, 30, 31]. Since the algebra (3) describes the space at the Planck scale,
then such magnefic fields are necessarily superstrong and may play the role of primor-
dial magnetic fields in cosmological dynamics [32]. Thus, in this paper, we unified both
parameters as the minimal length scale ∆Xmin = lmin = τθ = τ/B. Futhermore, at the
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same scale, this minimal length measure ∆Xmin = τθ is coupled with the maximal one
∆Ymax = τ





At n-dimensional sets of the algebra (17), the equation (2) indicates a sort of a discrete-
ness of the space at this scale where one has an alternation of minimal lengths lmin with
the maximal lengths lmax. This situation can be compared to a one dimensional lattice
system in which, each sites represented by lmin are spaced by lmax. At each singular
points lmin, result of unification of magnetic fields and quantum gravitational fields.
Since the Planck scale marks the frontier of our universe, then the existence of magnetic
fields at this scale can only be from multiverse which bounces at these minimal positions
lmin. As we have predicted in our previous work [1], this scenario lets break up the big
bang singularity. This present part of paper is currently under investigation and will be
the object of further exhaustive study.
Now, let us start with the particular case. In one dimensional set, the algebra (1)
simplifies greatly.
Proposition 2.1: Let Hilbert Hτ = L2(R) be one dimensional space that describes
the noncommutative space. The symmetric operators X̂ and P̂ that act on this space
satisfy the following relation
[X̂, P̂ ] = i~(I− τX̂ + τ2X̂2). (3)
By setting these operators as follows
X̂ = x̂, P̂ = (I− τ x̂+ τ2x̂2)p̂, (4)
we recover the relation (1), where the symmetric operators x̂ and p̂ satisfy the ordinary
Heisenberg algebra [x̂, p̂] = i~.
From the representation (4), one can interpret x̂ and p̂ as the set of operators at
low energies which has the standard representation in position space and X̂, P̂ as the
set of operators at high energies, where they have the generalized representation in
position space. Furthermore, the proposal (3) is consistent with the recently approach
of quantum gravity measurements introduced by Perivolaropoulos [16]. In this approach
the quantum gravity is naturally arised from cosmology due to the presence of particle
horizons with the parameter α = α0
H20
c2
where H0 is the Hubble constant, c is the speed
of light and α0 is a dimensionless parameter. From this commutation relation (3), an







Using the relation 〈X̂2〉 = ∆X2 + 〈X̂〉2, the equation (5) can be rewritten as a second


















The reality of solutions gives the following minimum value for ∆P
∆P = ~τ
√
1− τ〈X̂〉+ τ2〈X̂〉2. (7)
Therefore, these equations lead to the absolute minimal uncertainty ∆Pmin in P -direction
and the absolute maximal uncertainty ∆Xmax in X-direction for 〈X̂〉 = 0, such as:




It is well known [2] that, the existence of minimal uncertainty raised the question
of singularity of the space i.e the space is inevitably bounded by minimal quantity be-
yond which any further localization of particle is not possible. In the presence situation,
the minimal momentum ∆Pmin leads to the lost of representation in P -direction and
a maximal measurement ∆Xmax conversely will be the physical space of wavefunction
representations i.e all functions ψ(X) ∈ Hτ = L2(−∞,+∞) vanish at the boundary
ψ(−∞) = 0 = ψ(+∞). Since particles in P -direction cannot be localized in a precise
way. This implies a certain fuzziness of momentum in this direction. The consequence
of this fuzziness can be understood by the following corollary.
Corollary 2.1: From the representation (4) follows immediately that the position
operator X̂ is symmetric while the momentum operator P̂ is not
X̂† = X̂, P̂ † = P̂ + i~τ(1− 2τX̂). (9)
Proof: Since the operators x̂, p̂ are symmetric then X̂† = x̂† = X̂ and P̂ † = p̂†(I −
τ x̂+ τ2x̂2)† = p̂(I− τ x̂+ τ2x̂2) = (I− τ x̂+ τ2x̂2)p̂+ i~τ(1− 2τ x̂) = P̂ + i~τ(1− 2τX̂),
finishing the proof.
In order to guarantee the symmetry of this operator, we arbitrary restrict the study
from the infinite dimensional Hilbert space Hτ into its bounded dense domaine Dτ =
L2(−lmax, lmax) in such away that, for τ → 0 one recovers the entire space Hτ . This
restriction perfectly fits with the work of Nozari and Etemadi done in momentum space
[33]. An addition of this condition, we propose the following deformed completeness
relation to get the symmetry of the operator P̂ .




|x〉〈x| = I. (10)
we have
〈φ|P̂ψ〉 = 〈P̂ †φ|ψ〉, (11)
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such as
D(P̂ ) = {ψ,ψ′ ∈ L2(−lmax, lmax);ψ(−lmax) = ψ′(lmax) = 0}, (12)
D(P̂ †) = {ψ,ψ′ ∈ L2(−lmax, lmax)}, (13)
where D(P̂ ) and D(P̂ †) respectively the dense domaines of the operator P̂ and P̂ †.
Proof. For the proof of this proposition, one can refer to our previous reference [1].
Consequently, the scalar product between two states |ψ〉 and |φ〉 and the orthogo-







〈x|x′〉 = (1− τx+ τ2x2)δ(x− x′). (15)
With the symmetrization of the operator P̂ , we have:
Lemma 2.2: Since the operator P̂ is symmetric, then all eigenvalues are real and
eigenvectors corresponding to different eigenvalues are orthogonal.
Proof. If P̂ |ψi〉 = λi|ψi〉 (i = 1, 2) with λi ∈ C, then we have 〈P̂ †ψ1|ψ1〉 =
〈ψ1|P̂ψ1〉 = λ∗1||ψ1||2 = λ1||ψ1||2. Since λ∗1 = λ1, and 〈P̂ †ψ1|ψ2〉 = 〈ψ1|P̂ψ2〉 = (λ1 −
λ2)〈ψ1|ψ2〉 = 0 therefore 〈ψ1|ψ2〉 = 0, with (λ1 − λ2) 6= 0, finishing the proof.
2.2 Deformed translation symmetry
Let us consider for instance the configuration space wave functions in x-direction
such as ψ(x) = 〈x|ψ〉 defined in the domain Dτ , the action of the generalized position
operator on this function P̂ yields
P̂ψ(x) = −i~Dxψ(x), (16)
i
~
P̂ψ(x) = Dxψ(x) (17)
where Dx = (1− τx+ τ2x2)∂x is the deformed partial derivative which introduces asym-
metrical effect in the system.
Proposition 2.2: For the operator P̂ , one can associate through the exponential
map, a τ -translation operator T̂τ that induces an infinitesimal distance δa in this direc-
tion






, with δa ∈ R. (18)
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Proof: For infinitesimal translations in space follows from the Taylor series expan-
sion: ψ(x + δa) = ψ(x) + δaDxψ(x) +
1
2!(δa)













An alternative way of seeing this result without relying on the wave function rep-
resentation is by considering the following action of the exponentiated operator on the







|x〉 = |x+ δa(1− τx+ τ2x2)〉. (19)







= 〈x+ δa(1− τx+ τ2x2)|. (20)
Next, let us characterize the unitary of this operator.
Lemma 2.2: Since the operator P̂ is symmetric P̂ = P̂ †, then T̂τ is unitary and
satisfy the following relations:
(i) ||T̂τψ|| = ||ψ||,
(ii) 〈T̂τψ|T̂τφ〉 = 〈ψ|φ〉,
(iii) (T̂τ (δa))† = T̂ (−δa) = (̂Tτ (δa))−1.













= (̂Tτ (δa))−1. Based on this equation, we have: (T̂τ (δa))†(T̂τ (δa)) =









= I. Then (iii) =⇒ (ii) 〈T̂τψ|T̂τφ〉 =
〈T̂ †τ T̂τψ|φ〉 = 〈ψ|φ〉. Finally, (ii) =⇒ (i) as follows: ||T̂τψ||2 = 〈T̂τψ|T̂τψ〉 = 〈ψ|ψ〉 =
||ψ||2, finishing the proof.
Let us consider Ĥ, the operator Hamiltonian of a system defined within this space
such as
Ĥ(P̂ , X̂) =
P̂ 2
2m
+ V (X̂), (21)
where V (x) is the time-independent potential energy of the system. For the Hamiltoni-
ans that describe lattice systems, one can set the following theorem:
Theorem 2.2: For periodical deformed potential energy such as
V (x̂+ δa(1− τ x̂+ τ2x̂2)) = V (x̂) (22)
then,
[Ĥ, T̂τ ] = 0. (23)
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Proof: Considering that: X̂T̂τ (δa)|x〉 = (x+δa(1−τx+τ2x2))|x+δa(1−τx+τ2x2)〉
and T̂τ (δa)(X̂+δa(1−τX̂+τ2X̂2))|x〉 = (x+δa(1−τx+τ2x2))|x+δa(1−τx+τ2x2)〉. From
these equations, we obtain the following relation: T̂τ (δa)(X̂ + δa(1 − τX̂ + τ2X̂2)) =
X̂T̂τ (δa). From this equation, on can progressively deduce that T̂τ (δa)V (X̂ + δa(1 −
τX̂ + τ2X̂2)) = V (X̂)T̂τ (δa). So, if the potential energy V (X̂) is periodic, therefore
it is invariant under this deformed translation such as: V (X̂ + δa(1 − τX̂ + τ2X̂2)) =
V (X̂) = V (x̂+ δa(1− τ x̂+ τ2x̂2)) = V (x̂). Since [T̂τ , P̂ ] = 0, then we get the following
commutation relation: [Ĥ, T̂τ ] = 0, finishing the proof.
The time-dependent deformed Schrödinger equation is given by
Ĥψ(x, t) = − ~
2
2m
D2xψ(x, t) + V (x)ψ(x, t) = i~∂tψ(x, t). (24)
If the wave function ψ(x, t) is normalized, it is possible to define a probability density




+DxJτ (x, t) = 0, (25)
where the current density is given by












With these equations at hand, we are now in a position to determine the eigensystems
of a particle in an infinite square-well potential at the Planck scale and to deduce later
from this spectrum its thermodynamic properties.
3 Spectrum of particle in an infinite square-well potential
Let us consider the Hamiltonian of the above quantum system confined in an infinite
square-well potential at the Planck scale, defined as
V (x) =
{
0, −lmax < x < lmax,
∞, otherwise.
(27)











(1− τx+ τ2x2)2 d
2
dx2
− τ(1− 2τx)(1− τx+ τ2x2) d
dx
]
ψ(x) = Eψ(x). (29)
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The solution of the equation (29) in this infinite square-well potential is given by






















































































































This relation shows that, the normalized eigenstates (33) are no longer orthogonal.
However, if one tends (k − k′)→∞, these states become orthogonal
lim
(k−k′)→∞
〈ψk′ |ψk〉 = 0. (35)
These properties show that, the states |ψk〉 are essentially Gaussians centered at (k −
k′) → 0 (see Figure 1). They can be assimilated to the coherent states [34] which
are known as states that mediate a smooth transition between the quantum and clas-
sical worlds. This transition is manifested by the saturation of Heisenberg uncertainty
principle ∆zq∆zp =
~
2 . In comparison with coherent states, the states |ψk〉 strongly
saturate the GUP (∆ψX∆ψP = ~) at the Planck scale and could be used to describe
the transition states between quantum world and unknown world for which the physical
descriptions are out of reach.
We impose that the wave function satisfies the Dirichlet condition i.e it vanishes
at the boundaries ψk(−lmax) = 0 = ψk(+lmax). Thus, using especially the boundary

























Figure 1: Variation of 〈ψk′ |ψk〉 versus k-k’ with ~ = 1.
















= nπ with n ∈ N∗. (37)





























From this result, if we assume that the maximal length lmax is the order of the ordinary
length L of square-well potential in the basic quantum mechanics i.e lmax = L, the
spectrum of this system is expressed as follow





is the spectrum of a free particle in an infinite square well potential of
the basic quantum mechanics with the fundamental energy ε1 =
~2π2
2mL2
. This result shows
that the strong graviton measurement induces weak transition energies. This indicates
that, the quantum gravity induces a more pronounced contraction of energy levels which,
consequently implies the decrease of energy band structures [27].
Hereafter, with the spectrum (38) we are able to study in detail the statistical prop-
erties of this system at the Planck scale.
4 Thermodynamic descriptions
We consider canonical and microcanonical ensembles of ideal gas composed of the
above systems, each of them consist of N identical noninteracting particles enclosed by
the adiabatic wall with constant volume V. We suppose that the systems are in thermal
equilibrium with its surroundings at temperature T.
Since the above system is strongly influenced by the maximal presence of graviton,
therefore the thermodynamic quantities such as the internal energy E, the Helmholtz free
energy A, the entropy S and the chemical potential M could be also strongly modified or
corrected. Furthermore, since the partition function is the key entity in the description
of a canonical ensemble, we use this approach to compute the modified thermodynamic
properties E, A, S and M.
4.1 The partition function method




exp (−βEn) , (41)
where β = 1kBT , kB is the Boltzmann constant and T represents the thermodynamic












In view of the largeness of the number of states of the particles and the largeness of the
volume of the well to which the particles are confined, one may regard the number of
























3β is the ordinary partition function for a single particle. The partition















N ! represents the ordinary partition function and ZN is the τ -modified
partition function of the system.











This equation shows that the internal energy is not influenced by the maximal length
of graviton. This observation comes to confirm the recently obtained result with the
Perivolaropoulos’s algebra [35]. In contrast with the obtained results in the presence of
a minimal length [21, 22, 23, 24, 25, 26], the ordinary internal energy is shifted at the
first order of deformed parameter and led to its decreasing. Thus, the specific heat C











Concerning the modified Helmholtz free energy A, it has the expression
A = −kBT lnZN
= a+NkBT ln τ, (49)
where a = −kBT ln z is the ordinary Helmholtz free energy. This shows that the ordinary
Helmholtz free energy is corrected by a logarithm of the deformed parameter such as
∆A = NkBT ln τ .
Another important quantity that we can deduce from the equation (49 ) is the mod-







= s−NkB ln τ. (50)






is the ordinary entropy and the second term repre-
sents the correction to the ordinary entropy ∆S = −NkBT ln τ . Note that this logarith-
mic correction to the ordinary entropy in known in various approaches of extremal limit
of a black hole geometries [17, 18, 19, 20]. According to several works in this frame, the
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entropy logarithmic correction is due to a large quantum fluctuations at this scale. This
situation is consistent with our context (3), since the quantum gravity measurement is
important at this scale.














stands for the chemical potential in the undeformed case and ∆M =
kBT ln τ is the induced logarithmic chemical correction.
In summary of the above logarithmic corrections due to the strong gravity at this
scale, we have:
∆A = NkBT ln τ, ∆S = −NkB ln τ and ∆M = kBT ln τ. (52)
Note that at the extremal limit of the space ( τ → 0), the above thermodynamic quan-
tities divergent such as
lim
τ→0










∆M = ∞ =⇒ lim
τ→0
M =∞. (55)
Comparing these results with the analogous obtained in the minimal length scenarios
[21, 22, 23, 24, 25, 26] show that, the effect of the maximal length in this framework
and that of the minimal length are fundamentally different. In fact the minimal length
induces a weak graviton localization while the maximal length in this context induces
a strong graviton localization. The weak graviton measurement shifts quadratically
the thermodynamic quantities and at the extremal limit of deformed parameter βGUP
(βGUP → 0), one recorvers the ordinary quantities whereas in this scenario, the graviton
mearement induces logarithmic corrections.
4.2 The density of states method
Another important thermodynamic characteristics is the density of states. The den-
sity of states GN (E) around the energy value E is obtained as the inverse of Laplace






eβEZ(β)dβ, β′ > 0. (56)





























n! , for x > 0,
0 for x < 0.
(58)













, for E > 0,
0 for E < 0.
(59)











, the ordinary density of states, the general-




, for E > 0. (60)
This result is not only different to that of the minimal length regime [37], but is also
different to that of obtaining with Perivolaropoulos’s maximal length [35].




, for E > 0, (61)









δE is the ordinary number of microstates accessible to
the system with energy lying between E and E + δE .
The microcanonical ensemble (61) defined through the parameters N, and E allows
the study of thermodynamic quantities by the use of the deformed entropy
S = kB ln Ω = s−NkB ln τ. (62)
where s is the ordinary microcanonical entropy. This expression is exactly the same
given by Eq.(50). It is important to notice that under the effect of strong graviton,
the deformed entropy induces a logarithm correction that decreases the number of mi-
crostates accesible to the system. From this entropy , one gets the same expressions
established for the rest of thermodynamic properties in the previous subsection.
The internal energy is given by
dE = TdS =⇒ E = 1
2
NkBT. (63)








= µ+ TkB ln τ, (64)






is the undeformed chemical potential.
Finally, the corrected Helmholtz free energy is related to the internal energy and the
entropy via the following relation relationship
A = E − TS
= a+NkBT ln τ (65)
where a = E − Ts is the undeformed Helmholtz free energy
As expected, similar to the ordinary case, both canonical and microcanonical for-
malisms yield identical results in the presence of a maximum length.
5 Conclusion
In this paper, we studied the effects of maximal measurement of quantum gravity
on the thermodynamics of canonical and microcanonical ensembles of N noninteracting
particles at the Planck scale. These showed that, the canonical ensemble based on
the used of partition function and the microcanonical ensemble based on the density
of states lead to the same result. Before computing the thermodynamic quantities, we
analytically determined the spectrum of a particle in 1D infinite square-well potential
in the framework of our recent position-dependent deformed algebra [1]. We showed
that, the energy spectrum of this system is weakly proportional to the ordinary one of
quantum mechanics free of gravity theory. This characterization of quantum gravity is
in perfect analogy with the one of General Relativity (GR) point of view.
The interesting physical result we found in the present paper is that, at the Planck
scale with strong quantum gravity localization (3). The ordinary thermodynamic quan-
tities as the Helmholtz free energy a, the entropy s and the chemical potential µ shift
logarithm corrections of the deformed parameter τ , except the internal energy which is
invariant under the strong influence of graviton. The logarithm corrections induced by
these quantities are consistent with the ones obtained at the extremal limit of black holes
[17, 18, 19, 20] due to the highly effect of quantum fluctuation [38]. To confirm these
results, we compared our results with those of the minimal length formalism, available
in the literature [21, 22, 23, 24, 25, 26]. On this basis, it is shown that, both scenarios
are fundamentally different. In fact the minimal length formalism shifts quadratically
the thermodynamic quantities at the order of the deformed parameter βGUP . So, at the
extremal limit i.e βGUP → 0 one recovers the ordinary quantities while in this frame-
work by tending τ → 0, the modified thermodynamic quantities divergent because of
the logarithm corrections. With respect to these remarks, we could state that, the min-
imal length formalism [21, 22, 23, 24, 25, 26] induced weak gravitons localization while
the emergence of maximal length in this algebra induced strong graviton at the Planck
scale. However, referring to the results of Bensalem and Bouaziz [35] where the authors
computed the thermodynamic quantities of the same model in the framework of max-
imal length introduced by Perivolaropoulos [16]. They were coming to the conclusion
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that the GUPs with maximal length and minimal length lead to the same effects on
the same thermodynamic quantities. In view of this conclusion, one could postulate
that, the GUP with maximal length induces weak gravitons localization, which at first,
seems to be counterintuitive with our proposal. Let us clarify that, the difference in the
meaning of both studies is related to the forms of the introduced deformed algebras.
Perivolaropoulos’s algebra [16] used to compute these thermodynamic quantities [35] is
corrected at first order of the deformed parameter α while my version (3) is quadrati-
cally corrected untill the second order of the deformed parameter τ . So, the effects of
quantum gravity increase with the order of the deformed parameter.
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gravitational quantum well, Phys. Rev. D 72 025010 (2005)
[29] F. Delduc, Q. Duret, F. Gieres, M. Lefrancois, Magnetic fields in noncommutative
quantum mechanics, J. Phys: Conf. Ser. 103 012020 (2008)
[30] Richard J. Szabo, Quantum field theory on noncommutative spaces Physics Reports
Volume 378, Issue 4, May 2003, Pages 207-299
[31] D. Bigatti and S. Susskind, Magnetic fields, branes and noncommutative geometry
Phys. Rev. D 62, 066004 (2000)
[32] C. Acatrinei: Lagrangian versus quantization, J.Phys. A 37, 1225 (2004)
[33] K. Nozari and A. Etemadi, Minimal length, maximal momentum and Hilbert space
representation of quantum mechanics, Phys. Rev. D 85, 104029 (2012)
[34] J.P. Gazeau, Coherent States in Quantum Physics, (Wiley-Vch Verlag Gmbh Co.
KgaA, 2009).
[35] S. Bensalem and D. Bouaziz, Statistical description of an ideal gas in maximum
length quantum mechanics, Phys A. Stat. Mech. Its Appl 523, 583-592 (2019)
[36] R. Pathria, Statistical Mechanics, 2nd Edition, Butterworth-Heinemann, Oxford,
1996
[37] S. Miraboutalebi, L.F. Matin, Thermodynamics of canonical ensemble of an ideal
gas in presence of Planck-scale effects, Can. J. Phys. 93, 574–579 (2014).
[38] S. Das, P. Majumdar and R. Bhaduri, General Logarithmic Corrections to Black
Hole Entropy, Class. Quantum Grav. 19, 2355 (2002)
[39] Sudipta Das and Souvik Pramanik, Path integral for nonrelativistic generalized un-
certainty principle corrected Hamiltonian, Phys. Rev. D 86, 085004 (2012)
18
